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Given a bounded domain Ω in RN , and a function a ∈ Lq(Ω) with q > N/2, we study the
existence of a positive solution for the quasilinear problem
−w + g(x,w)|∇w|2 = a(x), x ∈ Ω,
w ∈ H10(Ω),
where g(x, s) is a Carathéodory function on Ω × (0,+∞) which may have a singularity at
s = 0 and may change of sign.
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1. Introduction
For a bounded domain Ω in RN (N  3), a ∈ Lq(Ω) with q > N/2, and a Carathéodory function g in Ω × (0,+∞) we
consider the quasilinear elliptic boundary value problem
−w + g(x,w)|∇w|2 = a(x), x ∈ Ω,
w ∈ H10(Ω). (1)
Speciﬁcally, we look for positive solutions of (1), i.e. functions w ∈ H10(Ω) such that g(x,w(x))|∇w(x)|2 ∈ L1loc(Ω) and∫
Ω
∇w∇ϕ +
∫
Ω
g(x,w)|∇w|2ϕ =
∫
Ω
aϕ,
for every ϕ ∈ C∞0 (Ω).
Quasilinear equations with quadratic growth in ∇w and a Carathéodory function g(x, s) in all Ω×R (i.e. a nonsingular g)
have been considered in [1,4,5,7–13,16,19]. In particular, our research is closely related to [5,8–10] where general terms a(x)
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that in the previous studies [5,7–10,12] of (1) for a Carathéodory g : Ω ×R → R, it is assumed the sign condition
sg(x, s) 0,
for every s ∈ R and a.e. x ∈ Ω . Indeed, this is explicitly imposed in [5,9,10]. In [8], the authors consider a general
Carathéodory term g(x,w,∇w) instead of the pure quadratic term g(x,w)|∇w|2, and they prove the existence of a solu-
tion provided that the nonlinearity g satisﬁes, instead of the sign condition, a more general “one-side condition” (see formula
(2.10) in that paper). We point out that it is easily veriﬁed that in case of a pure quadratic term, this one-side condition is
not more than the above sign condition. In addition, in [7,12] which are related to the study of removable singularities, the
authors also impose the sign condition for large |s| in the pure quadratic case. On the other hand, in [11,13,16,19] the sign
condition is not assumed. However, a smallness condition on the function a(x) is imposed in [13,16], while in [11,19] the au-
thors consider a general term a(x) but they impose an asymptotic condition on g(x, s). Speciﬁcally, in [19] it is assumed that
lim
s→+∞
e|
∫ s
0 |g(x,u)|du|
1+ ∫ s0 e|
∫ t
0 |g(x,u)|du| ds
= 0.
(A simple example of nonlinearity g(x, s) satisfying this condition is that g = g1 + g2 with g1 ∈ L1 and lims→+∞ g2(s) = 0.)
Recently, the case of a positive nonlinearity g(x, s) in Ω × (0,+∞) (sign condition in the case of positive solutions) with
a singularity at s = 0 has been studied in [3] (see also [2]). Also, we have to mention the work in progress [14] where the
existence of nonnegative solutions in H10(Ω) of the equation −w +λw + g(x,w)|∇w|2χw>0 = a(x) is studied (here λ > 0)
and χw>0 denotes the characteristic function of the set {x ∈ Ω | w(x) > 0}. The purpose of this paper is to extend the result
of [3] (and thus of [5,8–10]) to a not necessarily nonnegative g in Ω × (0,+∞). This is carried out in the following theorem.
Theorem 1.1. Consider for q > N/2 a function a ∈ Lq(Ω) satisfying
inf
{
a(x)
∣∣ x ∈ Ω0}> 0, ∀Ω0 ⊂⊂ Ω. (2)
Let also g : Ω×(0,+∞) → R be a Carathéodory function. If there exist an increasing function b : (0,+∞) → (0,+∞) andμ ∈ (0,1)
such that
−μ sg(x, s) b(s), ∀s > 0, a.e. x ∈ Ω, (3)
then the problem (1) has at least one positive solution w ∈ H10(Ω) ∩ L∞(Ω).
The meaning of hypothesis (3) is roughly speaking that g(x, s) is below the positive hyperbola C/s for bounded sets of
values s > 0 and above from the negative hyperbola −μ/s for every s > 0. Since b may be every nondecreasing function,
we remark that no condition on the upper growth of g(x, s) as s goes to inﬁnity is imposed. In particular, the nonlinearity
can have a singularity at zero.
To prove the theorem we construct a suitable sequence of approximated Carathéodory functions gn : Ω × R → R of
the function g and we consider the sequence of approximated problems (problem (1) with g(x,w)|∇w|2 replaced by
gn(x,w)
|∇w|2
1+ 1n |∇w|2
). Applying the Schauder ﬁxed point theorem we prove the existence of a solution 0 < wn ∈ H10(Ω) of
this approximated problems. Then, following the idea of [5], we conclude the proof by showing that wn converges to a
positive solution of (1). However, the possible singularity of g(x, s) at s = 0 implies that gn(x,wn(x)) can blow up as wn(x)
is converging to zero. Therefore, the keystone consists in establishing ﬁrst that wn are uniformly away from zero in every
compact set in Ω . Next, using a quadratic exponential test function as in [5], we obtain the convergence of wn in H1loc(Ω)
to a positive solution of (1).
2. The approximated quasilinear problems
We devote this section to study a sequence of approximated problems to (1). To construct it, denote by S the Sobolev
constant, i.e.
S = inf
u∈H10(Ω)−{0}
‖u‖2
‖u‖22∗
,
with 2∗ = 2N/(N − 2). Consider also
C = (1− μ)−2∗S−2∗‖a‖2∗q |Ω|β−122
∗ β
β−1 , (4)
where β ≡ 2∗[ 1
(2∗)′ − 1q ]. By (3), there exists Λ > 1 such that
sg(x, s)Λ, ∀s ∈ (0,C]. (5)
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Tk(s) =
⎧⎪⎨
⎪⎩
−k if s−k,
s if − k < s < k,
k if k s,
(6)
we deﬁne the Carathéodory function gn in Ω ×R by
gn(x, s) =
⎧⎪⎨
⎪⎩
0 if s 0,
n2s2Tn(g(x, s)) if 0 < s < 1n ,
Tn(g(x, s)) if 1n  s.
It is easy to verify that gn is bounded and satisﬁes
gn(x, s)
(n→+∞)−−−−−−→ g(x, s), ∀x ∈ Ω, ∀s > 0.
Furthermore, by (5),
gn(x, s)
Λ
s
, ∀s ∈ (0,C], a.e. x ∈ Ω, (7)
and, by (3),
sgn(x, s) + μ 0, a.e. x ∈ Ω, ∀s ∈ R, (8)
for every n ∈ N.
Proposition 2.1. There exists at least one positive solution wn ∈ H10(Ω) of the approximated problem
−w + gn(x,w) |∇w|
2
1+ 1n |∇w|2
= a(x) in Ω,
w ∈ H10(Ω). (9)
In addition, the sequence {wn} is bounded in H10(Ω) and in L∞(Ω) with
‖wn‖∞  C,
for every n ∈ N.
Proof. To prove it, we recall that a ∈ Lq(Ω) with q > N2 and we deﬁne the operator Sn : H10(Ω) → Lq(Ω) by
Sn(w) = −gn(x,w) |∇w|
2
1+ 1n |∇w|2
+ a(x).
As an application of the dominated convergence theorem, if wk → w in H10(Ω) we infer, from the convergences
wk(x) → w(x) and ∇wk(x) → ∇w(x) a.e. x ∈ Ω and the boundedness of the functions gn(x, s) (x ∈ Ω , s ∈ R) and |ξ |2/
(1+ |ξ |2/n), (ξ ∈ RN ) that
∫
Ω
∣∣∣∣
[
gn(x,wk)
|∇wk|2
1+ 1n |∇wk|2
− gn(x,w) |∇w|
2
1+ 1n |∇w|2
]∣∣∣∣
q
(k→+∞)−−−−−−→ 0,
i.e. Snwk converges to Snw in Lq(Ω) as k tends to inﬁnity. Therefore, Sn is continuous.
Considering now the inverse of the Laplacian operator (−)−1 : Lq(Ω) → H10(Ω) we see that the solutions of (9) are
just the ﬁxed points of the composition operator Qn ≡ (−)−1 ◦ Sn . Since q > N/2 we deduce that the operator (−)−1 is
compact and hence the composition of it with the continuous operator Sn , i.e. Qn , is also compact.
On the other hand, since |gn(x, s)| n and |ξ |2/(1+ |ξ |2/n)| n, we observe that for every w ∈ H10(Ω),
‖Snw‖q 
∥∥∥∥−gn(x,w) |∇w|
2
1+ 1n |∇w|2
∥∥∥∥
q
+ ‖a‖q  n2 |Ω| + ‖a‖q,
which by the continuity of (−)−1 implies that there exists R > 0 such that the norm in H10(Ω),
‖Qnw‖ < R
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into itself. The Schauder ﬁxed point theorem shows that there exists a ﬁxed point wn ∈ H10(Ω) of Qn , or equivalently, a
solution of (9).
Now, we are going to prove that wn are a priori bounded in both H10(Ω) and L
∞(Ω) spaces. Indeed, if we take ϕ = wn
as test function in (9) it follows that
∫
Ω
|∇wn|2 +
∫
Ω
gn(x,wn)
|∇wn|2
1+ 1n |∇wn|2
wn =
∫
Ω
a(x)wn,
or, equivalently,
(1− μ)
∫
Ω
|∇wn|2 +
∫
Ω
[
gn(x,wn)
|∇wn|2
1+ 1n |∇wn|2
wn + μ|∇wn|2
]
=
∫
Ω
a(x)wn.
Observing that, by (8), sgn(x, s)|ξ |2/(1+ 1n |ξ |2) + μ|ξ |2/(1+ 1n |ξ |2) 0, a.e. x ∈ Ω , for every s ∈ R, ξ ∈ RN and hence that
sgn(x, s)
|ξ |2
1+ 1n |ξ |2
+ μ|ξ |2  0, (10)
we get
(1− μ)‖wn‖2 
∫
Ω
a(x)wn  ‖a‖q‖wn‖q′ ,
where q′ is the conjugate exponent of q, i.e. q′ = q/(q−1). Since q > N/2 we have q′ < 2∗ and hence by Sobolev embedding
theorem it is clear that the sequence wn is bounded in H10(Ω).
To prove the a priori estimate in L∞(Ω), we deﬁne the truncature function Gk(s) = s − Tk(s), where Tk is given by (6),
and we take ϕ = Gk(wn) as test function in (9) to obtain
(1− μ)
∫
Ω
∣∣∇Gk(wn)∣∣2 +
∫
Ω
[
gn(x,wn)
|∇wn|2
1+ 1n |∇wn|2
Gk(wn) + μ
∣∣∇Gk(wn)∣∣2
]
=
∫
Ω
a(x)Gk(wn).
Using (10) we deduce that
(1− μ)
∫
Ω
∣∣∇Gk(wn)∣∣2 
∫
Ω
a(x)Gk(wn).
Since μ < 1, by the method of Stampacchia [20] it follows from this inequality that
‖wn‖∞  (1− μ)−2∗S−2∗‖a‖2∗q |Ω|β−122
∗ β
β−1 = C .
On the other hand, taking w−n ≡ min{wn,0} as test function in (9), we obtain∫
Ω
∣∣∇w−n ∣∣2 +
∫
Ω
gn(x,wn)
|∇wn|2
1+ 1n |∇wn|2
w−n =
∫
Ω
a(x)w−n ,
that is,
(1− μ)
∫
Ω
∣∣∇w−n ∣∣2 +
∫
Ω
[
gn(x,wn)
|∇wn|2
1+ 1n |∇wn|2
w−n + μ
∣∣∇w−n ∣∣2
]
=
∫
Ω
a(x)w−n
and by (2) and (10) we get
(1− μ)
∫
Ω
∣∣∇w−n ∣∣2 
∫
Ω
a(x)w−n  0.
Therefore, since μ < 1 we deduce that wn  0.
In addition, by following [2] we prove that wn > 0 in Ω . Indeed, taking Cn > 0 such that gn(x, s)  Cns, for s ∈ [0,C]
(where C is given by (4)), we have
gn
(
x,wn(x)
) |∇wn(x)|2
1+ 1 |∇w (x)|2  nCnwn(x), ∀x ∈ Ω.n n
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−wn + nCnwn −wn + gn(x,wn) |∇wn|
2
1+ 1n |∇wn|2
= a(x) 0, x ∈ Ω,
wn(x) 0, a.e. x ∈ Ω.
By hypothesis (2), a ≡ 0 in every ball B ⊂ Ω and hence the strong maximum principle [15] implies wn > 0 in B for every
ball B ⊂ Ω . Therefore wn > 0 in Ω . 
Remark 2.2. Using v = Tk(wn)/k as test function in (9) and taking limits as k tends to zero, it is deduced (see [6, Proof of
Theorem 1]) that
∫
Ω
gn
(
x,wn(x)
) |∇wn|2
1+ 1n |∇wn|2
dx
∫
Ω
a(x)dx, (11)
for every n ∈ N.
Now, we are going to prove that the sequence of approximated solutions are uniformly away from zero in every compact
set in Ω .
Lemma 2.3. For every Ω0 ⊂⊂ Ω there exists a constant cΩ0 > 0 such that
wn(x) cΩ0 , a.e. x ∈ Ω0.
Proof. Since wn > 0, the inequality (7) implies that wn ∈ H10(Ω) satisﬁes, in the weak sense,
a(x) = −wn + gn(x,wn) |∇wn|
2
1+ 1n |∇wn|2
−wn + Λ
wn
|∇wn|2, x ∈ Ω,
i.e. wn is a supersolution of
−w + Λ
w
|∇w|2 = a(x), x ∈ Ω,
w ∈ H10(Ω).
Hence we infer that un = (Λ − 1)Λ−1w1−Λn is a subsolution of
u(x) = a(x)u(x) ΛΛ−1 , x ∈ Ω,
and now we conclude the proof by applying the following result of [3] (see Proposition 2.3 of that work). 
Proposition 2.4. Let h : [0,+∞) → [0,+∞) be a nondecreasing continuous function such that h(t) > 0 and
+∞∫
t
ds√∫ s
t h(z)dz
< +∞, (12)
for every t > 0. Assume also that a(x) ∈ Lq(Ω), q > N/2, satisﬁes (2). Then for every open setΩ0 ⊂⊂ Ω there exists a positive constant
CΩ0 such that for every u ∈ L∞(Ω) ∩ H1(Ω) satisfying
u  a(x)h(u), x ∈ Ω,
it holds
u(x) CΩ0 , a.e. x ∈ Ω0.
Remark 2.5. The hypothesis (12) is usually called the Keller–Osserman condition [17,18].
Proof of Lemma 2.3 completed. Fix now Ω0 ⊂⊂ Ω . By Proposition 2.4 with h(s) = s ΛΛ−1 , there exists CΩ0 > 0 such that
un  CΩ0 , a.e. x ∈ Ω0,
and thus,
wn = (Λ − 1)u−1/(Λ−1)n  (Λ − 1)C−1/(Λ−1)Ω0 ≡ cΩ0 > 0, a.e. x ∈ Ω0. 
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In this section we study the convergence of the approximated solutions wn to a solution w of (1). Since wn is bounded
in H10(Ω) and in L
∞(Ω), we can assume that there exists w ∈ H10(Ω) ∩ L∞(Ω) such that the following convergences hold:
wn ⇀ w, weakly in H
1
0(Ω),
wn(x) → w(x), a.e. x ∈ Ω. (13)
In the following lemma, we are going to prove that for every Ω0 ⊂⊂ Ω , {wn} converges to w in H1(Ω0). The proof
is based on a suitable choice of a test function of quadratic exponential type, which is due to [9], in conjunction with
Lemma 2.3.
Lemma 3.1. For every ψ ∈ C∞0 (Ω) such that ψ  0, we have
lim
n→+∞
∫
Ω
∣∣∇(wn − w)∣∣2ψ = 0.
Proof. Let ψ be a function in C∞0 (Ω) such that ψ  0. Choose Ω0 ⊂⊂ Ω such that suppψ ⊂ Ω0. From Lemma 2.3 there
exists c0 > 0 such that wn(x) c0 > 0, a.e. x ∈ Ω0.
From (7) and (8) we can consider c = sup{gn(x, s) | x ∈ Ω, c0  s  C} and ϕγ (s) = seγ s2 , where γ is large enough to
satisfy
ϕ′γ (s) − c
∣∣ϕγ (s)∣∣= eγ s2[1+ 2γ s2 − c|s|] 1
2
, ∀s ∈ R. (14)
Take ϕγ (wn − w)ψ as test function in (9) to obtain∫
Ω0
∇wn∇(wn − w)ϕ′γ (wn − w)ψ +
∫
Ω0
∇wn∇ψϕγ (wn − w)
+
∫
Ω0
gn(x,wn)
|∇wn|2
1+ 1n |∇wn|2
ϕγ (wn − w)ψ =
∫
Ω0
a(x)ϕγ (wn − w)ψ.
Adding and subtracting
∫
Ω0
∇w∇(wn − w)ϕ′γ (wn − w)ψ ,∫
Ω0
∣∣∇(wn − w)∣∣2ϕ′γ (wn − w)ψ +
∫
Ω0
∇w∇(wn − w)ϕ′γ (wn − w)ψ +
∫
Ω0
∇wn∇ψϕγ (wn − w)
+
∫
Ω0
gn(x,wn)
|∇wn|2
1+ 1n |∇wn|2
ϕγ (wn − w)ψ =
∫
Ω0
aϕγ (wn − w)ψ.
Observing that
gn(x,wn)
|∇wn|2
1+ 1n |∇wn|2
ϕγ (wn − w)ψ −c|∇wn|2
∣∣ϕγ (wn − w)∣∣ψ, a.e. x ∈ Ω0,
we derive that∫
Ω0
∣∣∇(wn − w)∣∣2ϕ′γ (wn − w)ψ − c
∫
Ω0
|∇wn|2
∣∣ϕγ (wn − w)∣∣ψ
−
∫
Ω0
∇w∇(wn − w)ϕ′γ (wn − w)ψ −
∫
Ω0
∇wn∇ψϕγ (wn − w) +
∫
Ω0
aϕγ (wn − w)ψ.
Since ∫
Ω0
∣∣∇(wn − w)∣∣2∣∣ϕγ (wn − w)∣∣ψ =
∫
Ω0
|∇wn|2
∣∣ϕγ (wn − w)∣∣ψ +
∫
Ω0
|∇w|2∣∣ϕγ (wn − w)∣∣ψ
− 2
∫
∇wn∇w
∣∣ϕγ (wn − w)∣∣ψ,Ω0
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1
2
∫
Ω0
∣∣∇(wn − w)∣∣2ψ −c
∫
Ω0
|∇w|2∣∣ϕγ (wn − w)∣∣ψ + 2c
∫
Ω0
∇wn∇w
∣∣ϕγ (wn − w)∣∣ψ
−
∫
Ω0
∇w∇(wn − w)ϕ′γ (wn − w)ψ −
∫
Ω0
∇wn∇ψϕγ (wn − w) +
∫
Ω0
aϕγ (wn − w)ψ.
By (13), we can use the dominated convergence theorem to see that each one of the terms in the right-hand of this
inequality converges to zero and hence we show that
lim
n→+∞
∫
Ω0
∣∣∇(wn − w)∣∣2ψ = 0. 
We conclude this section by showing that the limit w of the approximated solutions wn is a solution of (1), i.e. by
proving our main result for this quasilinear problem.
Proof of Theorem 1.1 completed. By Lemma 3.1, for every Ω0 ⊂⊂ Ω , there exists hΩ0 ∈ L2(Ω0) such that, up to a subse-
quence,
∣∣∇wn(x)∣∣ hΩ0(x), a.e. x ∈ Ω0, (15)
∇wn(x) → ∇w(x), a.e. x ∈ Ω0. (16)
In particular, we have
∇wn(x) → ∇w(x), a.e. x ∈ Ω.
Now, we can pass to the limit in the equation satisﬁed by the approximated solutions wn , i.e. in the integral identities
∫
Ω
∇wn∇φ +
∫
Ω
gn(x,wn)
|∇wn|2
1+ 1n |∇wn|2
φ =
∫
Ω
aφ, ∀φ ∈ C∞0 (Ω).
Indeed, if φ ∈ C∞0 (Ω) then the weak convergence of wn to w implies that
lim
n→+∞
∫
Ω
∇wn∇φ =
∫
Ω
∇w∇φ.
On the other hand, from Lemma 2.3, there exists c0 > 0 such that wn(x) c0 > 0, a.e. x ∈ Ω0 ≡ suppφ. Thus, by (7) and (8),
we conclude that for some c > 0 we have |gn(x,wn(x))| c, a.e. x ∈ Ω0. Therefore, by (15),
∣∣gn(x,wn(x))∣∣ |∇wn(x)|
2
1+ 1n |∇wn(x)|2
 ch2Ω0(x) a.e. x ∈ Ω0,
with h2Ω0 ∈ L1(Ω0). In addition, by the deﬁnition of gn and (16), for n > 1/c0 we have gn(x,wn(x)) = Tn(g(x,wn(x))) and
thus
gn
(
x,wn(x)
) |∇wn(x)|2
1+ 1n |∇wn(x)|2
→ g(x,w(x))∣∣∇w(x)∣∣2, a.e. x ∈ Ω0.
By the Lebesgue dominated convergence theorem we show that
lim
n→+∞
∫
Ω
gn(x,wn)
|∇wn|2
1+ 1n |∇wn|2
φ =
∫
Ω
g(x,w)|∇w|2φ.
Therefore, passing to the limit as n goes to inﬁnity in the equation satisﬁed by wn we deduce that∫
Ω
∇w∇φ +
∫
Ω
g(x,w)|∇w|2φ =
∫
Ω
aφ, ∀φ ∈ C∞0 (Ω),
i.e. w ∈ H10(Ω) is a solution of −w + g(x,w)|∇w|2 = a in Ω . 
408 D. Arcoya et al. / J. Math. Anal. Appl. 350 (2009) 401–408Remark 3.2. Assuming in addition that the function g is bounded from below, we can apply the Fatou lemma to deduce
from (11) that the solution w given by Theorem 1.1 satisﬁes∫
Ω
g
(
x,w(x)
)∣∣∇w(x)∣∣2 dx
∫
Ω
a(x)dx.
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